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ABSTRACT
We construct a toy a model which demonstrates that large field single
scalar inflation can produce an arbitrarily small scalar to tensor ratio in
the window of e-foldings recoverable from CMB experiments. This is done
by generalizing the α-attractor models to allow the potential to approach a
constant as rapidly as we desire for super-planckian field values. This implies
that a non-detection of r alone can never rule out entirely the theory of large
field inflation.
∗ e-mail: djbrooker@ufl.edu
1 Introduction
The theory of inflation is of tremendous importance to modern cosmology as
a means of solving the horizon, flatness and monopole problems with a single
theory [1, 2, 3, 4, 5, 6, 7, 8]. In addition, inflation gives wonderful predictions
for the spectra of primordial perturbations [9, 10]. As of yet however the
prediction of a primordial tensor spectrum has eluded observational efforts
[11]. This opens up the question of whether or not large field inflation can
accommodate an arbitrarily small tensor to scalar ratio. Previous attempts
to answer this question in the context of large field inflation were restricted
only to the α-attractor models and found a lower bound of r ≃ 2 × 10−5
[12, 13]. We should note that in the context of small field inflation it has
been known for some time that one can achieve arbitrarily small values of r
[14, 15]. In this work we will construct a toy model for which the tensor to
scalar ratio seemingly has no lower bound. For the purpose of this exploration
we will use a definition due to Linde that large field inflation corresponds to
any theory in which the canonically normalized inflaton φ takes on a value
greater than Mp during the last 50-60 e-foldings of inflation [13]. We will
begin by first reminding ourselves of some basic properties of the α-attractor
models then we will examine our toy model which is a generalization of the
α-attractors. There are several ways to formulate the family of α-attractors
but for our purposes we will stick to the following potentials which generalize
the Starobinsky model:
V (φ) = V0
(
1− e−
√
2
3α
φ
)2
. (1)
In the slow roll approximation the number of e-foldings until the end of
inflation can be expressed as an integral over φ. That is:
N ≃
∫ φN
φf
V (φ)
V ′(φ)
dφ (2)
where the prime above indicates a derivative with respect to φ. For the
potentials in (1) we find that N(φ) can be given to very good approximation
by:
N ≃ 3α
4
e
√
2
3α
φN −→ φN ≃
√
3α
2
log
[
4N
3α
]
. (3)
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The tensor to scalar ratio is related to the potential in the context of slow
roll by:
r ≃ 8
(
V ′(φ)
V (φ)
)2
. (4)
Inserting equation (3) into this yields the well known result:
r ≃ 12α
N2
. (5)
Since we require for our definition of large field inflation that φ > 1 some-
where in the range 50 < N < 60 we cannot achieve arbitrarily low values of
r simply by tuning α. The reason for this is that for small enough α we come
to a regime where the part of inflation accessible by the CMB is entirely
sub-planckian.
2 Toy Model
Our generalization will be to allow the factor of φ to be raised to an arbitrary
power n. Our new potential is:
V (φ) = V0
(
1− e−
√
2
3α
φn
)2
. (6)
We have explored this potential numerically for several values of n and α.
The tensor to scalar ratio was evaluated by solving the full mode equations for
both scalar and tensor fluctuations numerically using the methods outlined
in references [16, 17]. To check consistency with current observations, the
scalar spectral index (nS) was evaluated using the first four terms in the slow
roll expansion. Our results are summarized in table 1 with r and φ being
evaluated at N = 55.
The first thing about the table to note are the values of nS which tell
us right away whether or not a theory is viable. The Planck constraints on
inflation give
nS = 0.9677± 0.006 (68%CL) (7)
as a value for the spectral index [11]. Since all of the values for nS in table
1 are within the 95% confidence interval of the most recent Planck data
these models cannot be ruled on the grounds of current observations. We
can understand why it is possible to separate the smallness of r from the
2
α n φ55 r55 nS
1 2 3.07 1.49× 10−4 0.9591
0.1 2 1.87 3.8× 10−5 0.9598
0.01 2 1.13 1.01× 10−5 0.9603
1 4 1.90 7.62× 10−6 0.9587
0.1 4 1.45 3.81× 10−6 0.9591
0.01 4 1.10 1.92× 10−6 0.9594
1 6 1.57 1.76× 10−6 0.9590
0.1 6 1.30 1.11× 10−6 0.9592
0.01 6 1.08 7.04× 10−7 0.9593
Table 1: Values of φ, r, and nS evaluated 55 e-foldings until the end of
inflation for several generalized α-attractors.
constraints imposed by Planck simply by looking at the first two non-trivial
terms in the slow roll expansion for nS. Those terms are:
ns = 1− 2ǫ−
∂nǫ
ǫ
. (8)
It is easy to see that even in the limit where ǫ is very small we can still have
any value of nS we like by choosing a functional dependence on n such that
the ratio ∂nǫ/ǫ is as big or small as we desire.
Now that we have seen that these models are consistent with the data we
will examine the behavior of the tensor to scalar ratio. As can be seen from
table 1 it would appear as though we can achieve any small value of r we
desire by doing two things. The first is that we make α small to reduce r
but not so small that φ be sub-planckian. Then we increase n as much as we
wish. We can understand this behavior better by looking at a rough analytic
estimate for r. Using (2) we have that the number of e-foldings is given by:
N ≃
√
3α
8
1
n
∫ φN e√ 23αφn
φn−1
(9)
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This integral can be solved approximately by assuming that most of the
dependence on φ comes from the exponential. This tells us that:
N(φ) ∼ 3α
4n2
φ2−2nN e
aφn
N (10)
Then since our model is tuned so that φN will be nearly unity for modes
relevant to CMB observations we can arrive at:
r ∼ 12α
N2n2
(11)
This dependence on both α and n strongly suggests that we could reach any
arbitrarily small value of r from a large field model of inflation. It is very
important to note that we did not require any specific form of the potential to
achieve such small values of r. All that was necessary was a free parameter,
n in this case, which can make V ′(φ) as small as we like without pushing the
field to sub-planckian values. In principle there may be many such potentials
which can achieve these small values.
3 Conclusion
We have shown that by modifying the form of the α-attractor potential that
there exist large field inflationary potentials which can achieve an arbitrarily
small value of tensor to scalar ratio. We will close by discussing what this
means for the theory of inflation as a whole. As a test of scalar driven
inflation it would seem that attempts to measure the tensor to scalar ratio
are in a sense one sided. On the one hand a detection of the primordial tensor
spectrum would set the scale of inflation, allow us to reconstruct the inflation
potential, and allow us to test the consistency of single scalar inflation. On
the other hand it is apparent that a continued non-detection of primordial
tensor fluctuations cannot on its own rule out large field single scalar inflation.
This begs us to focus more theoretical effort on constructing other means
of testing inflation such as novel probes of primordial non-gaussianity and
reheating.
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